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The adjoint method for design sensitivity analysis of multiple eigenvalues and their associated eigenvectors is

proposed for real symmetric structural eigenvalue problems, where we restrict that the design sensitivity coefficients

of themultiple eigenvalues are distinct. The developed adjoint method is required to compute adjoint variables from

the simultaneous linear system equation, the so-called adjoint equation, without the linear combination of

eigenvectors or the second-order derivatives of the eigenvalue problem.Once the adjoint variables are evaluated, the

sensitivity analysis of the multiple eigenvalues and their associated eigenvectors can be computed directly. In this

way, the design sensitivity analysis of eigenvectors can be obtained by using the eigenvalues and their eigenvectors of

the mode being differentiated only. To verify the proposed method, analytical and numerical examples are

demonstrated. This can have considerable impact on computer implementation of the method in the design

sensitivity analysis of the eigenvalue problem needed for practical application.

I. Introduction

E IGENPROBLEMS are commonly considered in structural
stability, noise, and vibration analyses. Design sensitivity

analysis computes the rate of change of response-dependent function
with respect to the change of design variables. Design sensitivity
analysis is an essential step to improve systematically the existing
design and to optimize a system with the aid of gradient-based
optimization. Therefore an efficient and accurate method for design
sensitivity analysis is necessary for diverse design optimizations.

Fox and Kapoor have developed a general technique to compute
design sensitivity of eigenvalues for symmetric matrices [1]. Plaut
and Husseyin [2], Rudisill [3], and Godoy et al. [4] have developed a
formula for second-order design sensitivity analysis of eigenvalues.
For the design sensitivity analysis of eigenvectors, themodalmethod
[1,5], the modified modal method [6], and Nelson’s method [7] are
often used to calculate the derivatives of eigenvectors. A comparison
of the above methods for calculating eigenvector derivatives has
been carried out [8]. Themodalmethod approximates the derivatives
of eigenvectors as a linear combination of all eigenvectors. The
modified modal method is developed to reduce the number of
eigenvectors needed to represent the design derivative by including
an additional term in the linear combination of eigenvectors. The
modal and modified modal methods can be computationally
expensive if large numbers of eigenvectors are needed to represent
accurately the derivatives of eigenvectors. Nelson’s method is a
direct differentiation method for calculating eigenvector derivatives,
where it requires only the eigenvalue and eigenvectors for the mode
being differentiated. Recently an adjoint method for calculating
derivatives of distinct eigenvalue and their associated eigenvectors is
suggested, where an adjoint equation of simultaneous linear system
equations requires only the eigenvalues and eigenvectors for the
mode being differentiated [9].

Formany typical structures, there exist multiple or nearly identical
eigenvalues due to structural symmetry. In the case of multiple
eigenvalues, their associated eigenvectors are generally not
differentiable. Therefore the methods for the design sensitivity

analysis of distinct eigenvalues will no longer be valid. The
eigenvectors corresponding tomultiple eigenvalues have a great deal
of uncertainty compared with those associated with distinct
eigenvalues because any linear combination of eigenvectors is also a
valid eigenvector.

For design sensitivity analysis of multiple eigenvalues, Ojalvo
[10] has provided an equation to calculate the derivatives of multiple
eigenvalues and their associated eigenvectors by extending Nelson’s
method when the derivatives of the eigenvalues are distinct. Mills-
Curran [11] and Dailey [12] have independently modified and
correctedOjalvo’smethod by differentiating the eigenvalue equation
twice, that is, the second order design sensitivity analysis of
eigenvalue. Friswell [13] has also extended the Nelson’s method to
handle the multiple eigenvalue and their associated eigenvectors.
Juang et al. [14], Bernard and Bronowicki [15], and Lee and Jung
[16] have improved the modal method to evaluate the multiple
eigenvalue and eigenvector sensitivity. Calculation of sensitivities
for multiple eigenvalues has been obtained without using associated
eigenvectors for the structural problem [17,18].

The proposed new method for design sensitivity analysis of
multiple eigenvalues and their associated eigenvectors is an adjoint
method that requires evaluation of the adjoint variables from the
simultaneous system equation, the so-called adjoint equation with
added side constraints. First we define the augmented function that
consists of the response function and eigenvalue equations. Then the
design derivatives of the response function are represented as an
explicit design variation of the augmented function and an adjoint
equation is obtained by requiring the implicit design variation of the
augmented function to vanish. It is important to note that the adjoint
equation is composed of eigenvalues and their associated
eigenvectors of the mode being differentiated. Once we evaluate
the adjoint variables, design sensitivity analysis of multiple
eigenvalues and their associated eigenvectors can be computed
directly.

To verify the proposed method, an analytical example of a two-
degree-of-freedom spring-mass system, planar grillage structure,
and afinite element example of cantilever beam are included. Further
the developed method can be easily implemented into a commercial
finite element program to carry out the design sensitivity analysis of
eigenproblems needed for practical applications.

II. Definition of Problem

Structural modal analysis and linear buckling analysis lead to the
generalized eigenvalue problem as follows:
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KX �MX� K;M 2 Rn�n (1)

whereK andM represent the stiffness matrix and the mass matrix in
vibration analysis, respectively.M is positive definite matrix and K
is positive definite or at least positive semidefinite matrix. The
eigenvalue matrix arranged in ascending order is represented as

� � diag��1; �2; . . . ; �n� (2)

The associated eigenvector matrix whose column denotes the
associated eigenvector can be arranged as follows:

X � � x1 x2 � � � xn �; xi 2 Rn and X 2 Rn�n (3)

Because the eigenvectors (mode shape) is often normalized with
respect to a symmetric positive definite matrix, we take M-
orthonormality condition as follows:

X TMX� I (4)

where the right superscript T denotes the transposition of a matrix
and I represents the identity matrix.

For the case of the multiple eigenvalues of multiplicity m, the
eigenvalue problem can be defined as follows:

KX �MX� �� �I 2 Rm�m (5)

where � 2 R is an eigenvalue of multiplicity m, that is, it is the
eigenvalue for the space spanned by the columns ofX 2 Rn�m that is
called the associated eigenvectors.

III. Design Sensitivity Analysis of Eigenproblem

A. Nelson’s Method

To find the derivatives of the ith eigenvalue and its associated
eigenvectors in the case of distinct eigenvalue, we differentiate
Eqs. (1) and (4) with respect to a design variable b as follows:

�K � �iM�
dxi
db
�
�
d�i
db
M � @K

@b
	 �i

@M

@b

�
xi (6)

x TiM
dxi
db
�� 1

2
xTi
@M

@b
xi (7)

Note that the design variable must be independent. The coefficient
matrix (K � �iM) of Eq. (6) has rank (n � 1) because all eigenvalues
are assumed to be distinct in this method. Thus the linear
combination of particular and homogeneous solutions to Eq. (6)
becomes the solution to Eq. (6) as follows:

dxi
db
� vi 	 cxi (8)

Setting an element of vi to 0 and solving for the remaining elements
can evaluate a particular solution v. Then the constant c can be
computed by substituting Eq. (8) into Eq. (7):

c��xTiMv �
1

2
xTi
@M

@b
xi (9)

Premultiplying Eq. (6) byxTi , the design derivatives of the eigenvalue
are given as

d�i
db
� xTi

�
@K

@b
� �i

@M

@b

�
xi (10)

It is important to note that Nelson’s method works only for the
derivatives of distinct eigenvalues.

B. Dailey’s Method

In the case of multiple eigenvalues, because the eigenspace
spanned by the eigenvectors corresponding to the multiple
eigenvalue is degenerate, any linear combination of eigenvectors can

be an associated eigenvector. To find the eigenvector derivatives, the
new eigenvector must be evaluated first, which lies adjacent to them
distinct eigenvectors.

To find the derivatives of the multiple eigenvalues and their
associated eigenvectors, we differentiate Eq. (5) with respect to the
design variable b:

�K � �M� dX
db
�
�
�
@M

@b
� @K
@b

�
X	MX d�

db
(11)

where the rank of the coefficient matrix (K � �M) becomes (n-m).
Recall that � 2 R is an eigenvalue of multiplicity m.

Premultiplication of Eq. (11) by XT yields the eigenvalue
derivatives as

d�

db
�XT

�
@K

@b
� � @M

@b

�
X (12)

whereM orthonormality of Eq. (4) is used.
If V is any solution to Eq. (11) then V 	XC is also a solution,

where C 2 Rm�m is the constant matrix to be determined later. The
diagonal elements of C is obtained by substituting V 	XC into the
design derivatives of Eq. (4):

C 	 CT ��VTMX � XTMV � XT @M
@b
X (13)

The off-diagonal elements ofC can be determined by differentiating
Eq. (5) twice as follows [12]:

C
d�

db
� d�
db
C	 1

2

d2�

db2
�XT

�
@K

@b
� � @M

@b

�
V

� XT
�
@M

@b
X	MV

�
d�

db
	 1

2
XT
�
@2K

@b2
� � @

2M

@b2

�
X (14)

Because d2�=db2 are diagonal and [C�d�=db� � �d�=db�C] have
zeros on the diagonal, we can obtain the off-diagonal elements of C.
Thus the design derivatives of eigenvectors are given as

dX

db
� V 	XC (15)

It is important to note that the second order derivatives of stiffness
and mass matrices are necessary to evaluate the design derivatives of
eigenvectors as seen in Eq. (14).

IV. Adjoint Method for Eigenvalue Problem

A. Derivatives of Distinct Eigenvalue and Its Eigenvector

Consider a general response function of an eigenvalue problem
represented in terms of eigenvalues, eigenvectors, and a design
variable as follows:

g� g��i; xi; b� (16)

where �i and xi are the ith eigenvalue and its associate eigenvector,
respectively. It is assumed that the response function whose design
sensitivity needs to be evaluated is continuous and differentiable
with respect to its arguments.

To develop the adjoint method for a distinct eigenvalue, we first
define the augmented function using the response function of
Eq. (16) and eigenvalue equations given in Eqs. (1) and (4) as [9]

L� g��i; xi; b� 	 uT�K � �iM�xi 	 1
2
v
�
1 � xTiMxi

�
(17)

where u 2 Rn and v 2 R are the adjoint variables, which will be
determined later.

To construct the adjoint equation, the total design derivative of the
response function is represented as an explicit design derivative of
the augmented function given in Eq. (17), that is,
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dg

db
� @L
@b
� @g
@b
	 uT

�
@K

@b
� �i

@M

@b

�
xi �

1

2
vxTi

@M

@b
xi (18)

Now the adjoint equation can be obtained by requiring the implicit
design derivative of the augmented function to vanish. This leads to
the following equation:

0� @g

@�i

d�i
db
	
�
@g

@xi

�
T dxi
db
� d�i
db
uTMxi 	 uT�K � �iM�

dxi
db

� vxTiM
dxi
db

for 8 d�i
db

;
dxi
db

(19)

Rearranging Eq. (19), we have

0� d�i
db

�
@g

@�i
� xTiMu

�
	
�
dxi
db

�
T
�
@g

@xi
	 �K� �iM�u� vMxi

�

for 8 d�i
db
;
dxi
db

(20)

where the fact that K and M are symmetric matrices in structural
analysis is employed. Because Eq. (20) holds for arbitrary d�i=db
and dxi=db, we have the adjoint equations as follows:

K � �iM �Mxi
�xTiM 0

� �
u
v

� �
�
� @g
@xi

� @g
@�i

" #
(21)

It can be observed from Eq. (21) that the coefficient matrix is
nonsingular if the eigenvalues are distinct and composed of the
stiffness and mass matrices and the eigenvalue and eigenvectors of
the ith mode only. Nonsingularity of the coefficient matrix is proved
in Appendix A. The right-hand side of Eq. (21), pseudoload, can be
given explicitly from the response function.

To find the design derivatives of the ith eigenvalue and its
associated eigenvector, the response function is chosen for the
eigenvector and its associated eigenvalue as follows:

g � � xTi �i�T (22)

Then pseudoload for the jth element of the ith eigenvector xi
becomes

p xj � � 0 � � � 0 �1 0 � � � 0 �T ; j� 1; . . . ; n (23)

where the jth element of pxj 2 Rn	1 is�1 and other elements are all

zeros. The pseudoload for the ith eigenvector �i becomes

p � � � 0 � � � 0 �1 �T (24)

Let us denote the adjoint variables by � uTj vj �T corresponding to
the jth element of the ith eigenvector and �uTn	1 vn	1 �T
corresponding to the ith eigenvalue. That is, the adjoint variables
for the ith eigenvectors and eigenvalue can be represented as

U
vT

� �

 u1 u2 � � � un	1

v1 v2 � � � vn	1

� �
(25)

Then the adjoint equation of Eq. (21) becomes

K � �iM �Mxi
�xTiM 0

� �
U
vT

� �
� �px1 px2 � � � pxn p� � � �I

(26)

The right-hand side of the adjoint equation becomes identity matrix.
Once we solve the system equation of Eq. (26), we substitute the
adjoint variables into Eq. (18) to obtain the design sensitivity
coefficients of the eigenvalues and eigenvectors:

dg

db
� dxi=db

d�i=db

� �
�UT

�
@K

@b
� �i

@M

@b

�
xi �

1

2
vxTi

@M

@b
xi (27)

It is very important to note that the adjoint variables can be evaluated

by using the eigenvalue and corresponding eigenvectors of the mode
being differentiated only.

B. Derivatives of Multiple Eigenvalues and Their Eigenvectors

To derive the adjoint equation for the design derivatives of
multiple eigenvalues and their associated eigenvectors, we assume
that the design derivatives of the multiple eigenvalue will separate
such that the eigenvalue derivative is denoted by

d�

db
� diag

�
d�1
db

;
d�2
db

; . . . ;
d�m
db

�
(28)

Now let us define the response functions, G 2 R�m	n��m, to
evaluate the derivatives of the multiple eigenvalues and their
associated eigenvectors as follows:

G � X
�

� �
�

x1 x2 � � � xm
�1 0 � � � 0

0 �2 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � �m

2
666664

3
777775 (29)

where �1 � �2 � � � � � �m. Then the augmented function can be
defined as follows:

L �G	 UT�KX �MX�� 	 1
2
VT�I � XTMX� (30)

where U 2 Rn��m	n� and V 2 Rm��m	n� denote the adjoint variables
that will be determined later. Thus design derivatives of multiple
eigenvalues and their associated eigenvectors are given by
expanding Eq. (27) as follows:

dG

db
� UT

�
@K

@b
X � @M

@b
X�

�
� 1

2
VTXT

@M

@b
X (31)

Requiring the implicit design derivative of the augmented function to
vanish leads

0�
�
d�

db

�
T
�
@G

@�
� XTMU

�

	
�
dX

db

�
T
�
@G

@X
	 �K � �M�U �MXV

�
(32)

for 8 d�=db, dX=db. Therefore we have the adjoint equation as
follows:

K � �M �MX
�XTM 0

� �
U
V

� �
��I (33)

Substituting Eq. (33) into Eq. (31), we have

dG

db
� dX=db

d�=db

� �
(34)

Note that the coefficients matrix of Eq. (33) is nonsingular if the
derivatives of themultiple eigenvalues are distinct. Nonsingularity of
the coefficient matrix is analytically proved in Appendix A.

The proposed adjoint method for design sensitivity of multiple
eigenvectors can be computed by using the multiple eigenvalues and
their associated eigenvectors of the mode being differentiated
without linear combination of other eigenvectors or the second-order
derivative of the eigenvalue problem as Dailey’s method. Moreover
it can be observed from Eq. (33) that the adjoint equation is
independent of the number of design variables, that is, the adjoint
method requires the solution of adjoint equation once regardless of
the number of design variables. However Dailey’s method requires
the solutions to the system equations of Eq. (11) as many as the
number of design variables. Therefore the proposed adjoint method
will be more efficient as the number of design variables is larger
than 2.
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V. Examples

An analytical example of a two-degree-of-freedom spring-mass
system, planar grillage structure, and a finite element example of
cantilever beam are here illustrated to calculate the design sensitivity
coefficients of multiple eigenvalues and their associated
eigenvectors. Design sensitivity coefficients of the example are
compared with those evaluated by using exact differentiation or the
central finite difference method. Throughout the finite element
example, eigenvalues, eigenvectors, and adjoint variables are
computed by MATLAB [19].

A. Two-Degree-of-Freedom Spring-Mass System

Let us consider a vibration of two-degree-of-freedom spring-mass
system as given in Fig. 1whose eigenvalue problem is defined as [10]

k1 	 k2 �k2
�k2 k2

� �
x1
x2

� �
� � m1 	m2 �m2

�m2 m2

� �
x1
x2

� �
(35)

The eigenvalues of Eq. (35) are

� � k1=m1 0

0 k2=m2

� �
(36)

And theM-orthonormalized eigenvectors are given as

X � 1=
������
m1

p
0

1=
������
m1

p �1= ������
m2

p
� �

(37)

For the case when k1 � k2 � k,m1 �m2 �m, the system has the
multiple eigenvalues. Now consider the design sensitivities of the
multiple eigenvalues and their associated eigenvectors, where the
design variable is chosen as b�m2.

The adjoint equation and adjoint variables are

����
m
p

0 0 �1 �1
0 0 0 1

�1 0 0 0

�1 1 0 0

2
664

3
775 U
V

� �
��I (38)

U
V

� �
� 1����

m
p

0 0 1 0

0 0 1 �1
1 1 0 0

0 �1 0 0

2
664

3
775 (39)

Thus the design derivatives of eigenvalues and eigenvectors are
given as

dG

db
��UT @M

@b
X� � 1

2
VTXT

@M

@b
X

�� 1

m

0 0

0 0

1 1

0 �1

2
664

3
775 1 �1
�1 1

� �
1 0

1 �1

� ��
k

m

�

� 1

2

1

m
����
m
p

1 0

1 �1
1 0

0 0

2
664

3
775 1 1

0 �1

� �
1 �1
�1 1

� �
1 0

1 �1

� �

� 1

2m

0 0

0 1=
����
m
p

0 0

0 �2k=m

2
664

3
775 (40)

Thereforewe have design derivatives of themultiple eigenvalues and
their associated eigenvectors as follows:

d�

db
� 0 0

0 �k=m2

� �
(41)

dX

db
� 1

2

0 0

0 1=m3=2

� �
(42)

which are identical to the exact design derivatives of the analytical
eigenvalues and eigenvectors in Eqs. (36) and (37) with respect to
m2, respectively.

B. Planar Grillage Structure

Let us consider a three-degree-of-freedomplanar grillage structure
that is composed with four identical members and modeled by two-
dimensional beam elements as shown in Fig. 2 [11]. Thus the nodal
displacement vector is chosen as

q � � x y �z �T (43)

The global stiffness and mass matrices are of the form

K � E
A1	A3
L
	 12 I2	I4

L3
0 �6 I2�I4

L2

12 I1	I3
L3
	 A2	A4

L
6 I1�I3

L2

sym 4 I1	I2	I3	I4
L

2
64

3
75 (44)

M � �
1
3
�A1 	 A3�L	 13

35
�A2 	 A4�L 0 � 11

210
�A2 � A4�L2

13
35
�A1 	 A3�L	 1

3
�A2 	 A4�L 11

210
�A1 � A4�L2

sym 1
105
�A1 	 A2 	 A3 	 A4�L3

2
4

3
5 (45)

Material properties and geometric parameters are given in Table 1. The eigenvalues and their associatedM-orthogonal eigenvectors are presented
in Table 2. Note that second and third eigenvalues are multiple.

Now consider the design sensitivities of eigenvalues and their associated eigenvectors in which design variable is chosen as the height of the
member 1, that is, b� h1 � 0:01�m�. Then design derivatives of stiffness and mass matrices expressed in Eqs. (41) and (42) are given as

2k
1k

1m

2m

x

Fig. 1 Vibration of the two-degree-of-freedom spring-mass system.
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dK

db
� E

1
L
dA1
db

0 0
12
L3
dI1
db

6
L2
dI1
db

sym 4
L
dI1
db

2
64

3
75 (46)

dM

db
� �

1
3
L dA1

db
0 0

13
35
L dA1

db
11
210
L2 dA1

db

sym 1
105
L2 dA1

db

2
64

3
75 (47)

where dA1=db� w and dI1=db�wh21=4.
Design sensitivities of eigenvalue and their associated

eigenvectors are evaluated by using the adjoint method listed in
Table 3. We can observe that these results are identical to those
obtained by the central finite difference method with 0.1% design
perturbation.

C. Three-Dimensional Beam Vibration

Let us consider a simple finite element model for a three-
dimensional cantilever beam with square cross section as shown in
Fig. 3. When torsional and axial deformations are assumed to be
negligible, global stiffness and mass matrices with built-in boundary
condition are of the form

K � E
L

24Iz
L2

0 0 0 � 12Iz
L2

0 0
6Iz
L

24Iy
L2 0 0 0 � 12Iy

L2
� 6Iy

L
0

8Iy 0 0
6Iy
L

2Iy 0

8Iz � 6Iz
L

0 0 2Iz
12Iz
L2

0 0 � 6Iz
L

12Iy
L2

6Iy
L

0

4Iy 0

sym 4Iz

2
6666666666664

3
7777777777775
(48)

M

� �AL
420

312 0 0 0 54 0 0 �13L
312 0 0 0 54 13L 0

8L2 0 0 �13L �3L2 0

8L2 13L 0 0 �3L2

156 0 0 �22L
156 22L 0

4L2 0

sym 4L2

2
66666666664

3
77777777775

(49)

The nodal displacement vector is of the form

q � � y2 z2 �y2 �z2 y3 z3 �y3 �z3 �T (50)

Choosing design variable as the z-axis areamoment of the element 2,
that is, b� Iz, and differentiating Eqs. (48) and (49) with respect to
the design variable, we have

@M

@b
� 0 (51)

And

@K

@b
� E
L

12
L2

0 0 6
L
� 12
L2

0 0 6
L

0 0 0 0 0 0 0

0 0 0 0 0 0

4 � 6
L

0 0 2
12
L2

0 0 � 6
L

0 0 0

0 0

sym 4

2
66666666664

3
77777777775

(52)

For computational simplicity, let us assume the nondimensional
geometric and material properties as follows:

L� 1 Iy � Iz � 1 �� 1 A� 420 E� 1000

(53)

Then the lowest multiple eigenvalues and their associated M-
orthonomalized eigenvectors are

�1 � �2 � 1:84142 (54)

LL

L
L

x

y

Fig. 2 Three degree-of freedom planar grillage structure.

Table 1 Material properties and geometric

parameters of planar grillage structure

Elastic modulus 300 GPa
Density 74 kg=m3

L 0.72 m
w, width of beam 0.01 m
h, height of beam 0.01 m

Table 2 Eigenvalues and their associated
eigenvectors of planar grillage structure

1st mode 2nd mode 3rd mode

� 5:2799 � 104 1:1099 � 107 1:1099 � 107

0 0 0.3647
x 0 0.3647 0

3.0828 0 0 3

x

y

z
21

Fig. 3 Two-element cantilever beam with multiple eigenvalues.

Table 3 Design sensitivities of eigenvalues and eigenvectors

of planar grillage structure

1st mode 2nd mode 3rd mode

d�=db 2:6400 � 106 �2:9214 � 108 2:9235 � 108

0 0 �4:3148
dx=db 7:1689 � 10�3 �4:8079 0

�38:5354 �69:7476 0
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X � � x1 x2 � �

�0:0235 0

0 0:0235
0 �0:0402

�0:0402 0

�0:0691 0

0 0:0691
0 �0:0475

�0:0475 0

2
66666666664

3
77777777775

(55)

It is important to note that the beam’s modes are repeated one by one
because of the geometric symmetry. The z-axis component’s design
derivatives of the lowest eigenvalue and its associated eigenvectors
are given in Table 4. However the y-axis component’s derivatives of
the lowest eigenvalue and its eigenvectors are zero. To show the
accuracy of the developed method, we give the ratio R between the
design sensitivity coefficients predicted by the adjoint method
dg=db and those by the central finite difference method �g=�b in
the presenting results as follows:

R��g=�b

dg=db
� 100�%� (56)

�g� �g�b	�b� � g�b ��b��=2 (57)

where the design perturbation in the central finite difference method
is assumed to be �b� 0:01 � b. A ratio of 100% means that the
predicted design sensitivity coefficient matches exactly with that
computed by the finite difference method.

The sensitivity coefficients of the multiple eigenvalues and their
eigenvectors are in very good agreement with those computed by
using the central finite difference method within 0.01% as observed
in Table 4.

VI. Conclusions

Design sensitivity analysis of the multiple eigenvalue problem
based on the adjoint method is presented for the real symmetric
structural eigenvalue problem. The adjoint equation for the
sensitivity analysis of eigenvalues and eigenvectors is obtained by
requiring the implicit design variations of the augmented function to
vanish. Once we calculate the adjoint variables from the linear
system equation, we can evaluate the design sensitivity coefficients
of the distinct and multiple eigenvalues and eigenvectors. An
analytical example and numerical examples are demonstrated to
calculate the design sensitivity coefficients of the multiple
eigenvalue problems and to verify the accuracy and efficiency of
the developed method.

Based on the study on design sensitivity analysis of the multiple
eigenvalue problem, we can conclude the following:

1) A true adjoint method for design sensitivity analysis of the
distinct and multiple eigenvalues problem is proposed.

2) The proposed adjoint method for design sensitivity of an
eigenvector can be computed by using the eigenvalue and its
associated eigenvectors being differentiated without a linear

combination of some eigenvectors or the second-order derivative of
the eigenvalue problem.

3) The adjoint method requires the solution of the adjoint equation
once regardless of the number of design variables.

4) For simple structures, design sensitivity of distinct andmultiple
eigenvalues and their associate eigenvectors are evaluated by using
the developed adjoint method and their accuracies are verified with
those obtained by analytical or the central finite difference method.

Note that the suggested method is applicable only to the design
derivative of multiple eigenvalues and their associated eigenvectors
whose derivatives become distinct. The proposed adjointmethod can
be easily implemented outside of a commercial finite element
analysis program.

Appendix A: Proof of Nonsingularity of the Coefficient
Matrix in Eq. (33)

Consider the coefficient matrix of the system equation:

K � �M �MX
�XTM 0

� �
�m	n���m	n�

U
V

� �
�m	n���m	n�

� �I�m	n���m	n�

(A1)

�K 
 K � �M �MX
�XTM 0

� �
(A2)

To prove that the coefficient matrix of Eq. (A2) is nonsingular, we
introduce an arbitrary nonsingular matrix P 2 R�n	m���n	m�. Let us
assume that the arbitrary nonsingular square matrix P is of the form
as follows:

P � � 0
0 Im

� �
(A3)

The submatrix � 2 Rn�n is assumed as

� � ��1 �2 � � � �n�m x1 x2 � � � xm � (A4)

where �j 2 Rn are selected arbitrary independent vectors chosen to
be independent from X� � x1 x2 � � � xm �, eigenvectors of the
original multiple eigenproblem given in Eq. (5), such thatP becomes

nonsingular. Now, pre- and postmultiplying byPT andP to �K yields

P T �KP � � 0
0 Im

� �
T K � �M �MX
�XTM 0

� �
� 0
0 Im

� �

� �T �K � �M�� ��TMX
�XTM� 0

� �
(A5)

Because � is an m-multiple eigenvalue, the rank of [K � �M] is
(n-m) such that the lastm columns and rows of�T �K � �M�� have
all zeros. Then a submatrix of Eq. (A5) can be rewritten as

� T �K � �M��� K̂ 0
0 0m�m

� �
(A6)

Note that rank�K̂� � n �m. Another submatrix of Eq. (A5) can be
written as

� TMX� B̂
Im

� �
and XTM�� � B̂T Im � (A7)

where B̂ 2 Rn�n is a nonzero matrix and the M-orthonormality
condition of Eq. (4) is applied in Eq. (A7). Thus we have

P T �KP �
K̂ 0 B̂
0 0 Im
B̂
T
Im 0

2
4

3
5 (A8)

Determinant of the partitioned matrix is given as (see Appendix B)

Table 4 Design sensitivity coefficients of the first repeated

eigenvalue and its associated eigenvectors, and their

comparison with the central finite difference method

Adjoint method R, %

d�1=db 0.091856 100.01

dx1=db �0:001200 100.01
0 100.00
0 100.00
�0:001999 100.01
0.002052 100.01
0 100.00
0 100.00
0.005109 100.01
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jPT �KPj �

��������
K̂ 0 B̂

0 0 Im

B̂
T
Im 0

��������
�
�����K̂ � � 0 B̂ �

0 Im

Im 0

" #�1 0

B̂
T

" #�����
�����
0 Im

Im 0

�����
� ��1�mjK̂j ≠ 0 (A9)

Recall the property of determinant:

jPT �KPj � jPT jj �KjjPj ≠ 0 (A10)

Because we assumed that P is nonsingular, j �Kj ≠ 0 from Eq. (A10).

Therefore it is proved that the coefficient matrix �K is nonsingular.
Whenm� 1, that is, for a distinct eigenvalue, Eq. (A9) holds. Thus
the coefficient matrix of Eq. (21) is nonsingular too.

Appendix B: Determinant of Partitioned Matrix

If A and D are square matrix and jDj ≠ 0, then the partitioned
matrix can be decomposed as follows:

A B
C D

� �
� I BD�1

0 I

� �
A� BD�1C 0

0 D

� �
I 0

D�1C I

� �
(B1)

Then determinant of the partitioned matrix is evaluated as follows
[20]�����
A B

C D

������
����� I BD�1

0 I

�����
�����A� BD

�1C 0

0 D

�����
�����
I 0

D�1C I

�����
� jA� BD�1CjjDj (B2)

Note that ����A B
0 D

�����jAjjDj;
����A 0
C D

�����jAjjDj (B3)

Acknowledgement

This work is based on a part of research sponsored by the Center of
Innovative Design Optimization Technology, Korea Science and
Engineering Foundation.

References

[1] Fox, R. L., and Kapoor, M. P., “Rates of Changes of Eigenvalues and
Eigenvectors,” AIAA Journal, Vol. 6, No. 12, 1968, pp. 2426–2429.

[2] Plaut, R. H., and Husseyin, K., “Derivatives of Eigenvalues and

Eigenvectors in Non-Self-Adjoint System,” AIAA Journal, Vol. 11,
No. 2, 1973, pp. 250–251.

[3] Rudisill, C. S., “Derivatives of Eigenvalues and Eigenvectors of a
General Matrix,” AIAA Journal, Vol. 12, No. 5, 1974, pp. 721–722.

[4] Godoy, L., Taroco, E., and Feijoo, R., “Second-Order Sensitivity
Analysis in Vibration and Buckling Problems,” International Journal
for Numerical Methods in Engineering, Vol. 37, No. 23, 1994,
pp. 3999–4014.

[5] Rogers, L. C., “Derivatives of Eigenvalues and Eigenvectors,” AIAA

Journal, Vol. 8, No. 5, 1970, pp. 943–944.
[6] Wang, B. P., “Improved Approximate Method for Computing

Eigenvector Derivatives in Structural Dynamics,” AIAA Journal,
Vol. 29, No. 6, 1991, pp. 1018–1020.

[7] Nelson, R. B., “Simplified Calculation of Eigenvector Derivatives,”
AIAA Journal, Vol. 14, No. 9, 1976, pp. 1201–1205.

[8] Sutter, T. R., Camarda, C. J., Walsh, J. L., and Adelman, H. M.,
“Comparison of Several Methods for Calculating Vibration Mode
Shape Derivatives,” AIAA Journal, Vol. 26, No. 12, 1988, pp. 1506–
1511.

[9] Lee, T. H., “An Adjoint Variable Method for Structural Design
Sensitivity Analysis of a Distinct Eigenvalue Problem,” Journal of

Mechanical Science and Technology, Vol. 13, No. 3, 1999, pp. 470–
496.

[10] Ojalvo, I. U., “Efficient Computation of Modal Sensitivities for
Systems with Repeated Frequencies,” AIAA Journal, Vol. 26, No. 3,
1988, pp. 361–366.

[11] Mills-Curran, W. C., “Calculation of Eigenvector Derivatives for
Structures with Repeated Eigenvalues,” AIAA Journal, Vol. 26, No. 7,
1988, pp. 867–871.

[12] Dailey, R. L., “Eigenvector Derivatives with Repeated Eigenvalues,”
AIAA Journal, Vol. 27, No. 4, 1989, pp. 486–491.

[13] Friswell, M. I., “The Derivatives of Repeated Eigenvalues and Their
Associated Eigenvectors,” Journal of Vibration and Acoustics,
Vol. 118, No. 3, 1996, pp. 390–397.

[14] Juang, J.-N., Ghaemmaghami, P., and Lim, K. B., “Eigenvalue and
Eigenvector Derivatives of a Nondefective Matrix,” Journal of

Guidance, Control, and Dynamics, Vol. 12, No. 4, 1989, pp. 480–486.
[15] Bernard, M. L., and Bronowicki, A. J., “Modal Expansion Method for

Eigensensitivity with Repeated Roots,” AIAA Journal, Vol. 32, No. 7,
1994, pp. 1500–1506.

[16] Lee, I.-W., and Jung, G.-H., “An Efficient Algebraic Method for the
Computation of Natural Frequency andMode Shape Sensitivity, Part 2:
Multiple Natural Frequencies,” Computers and Structures, Vol. 62,
No. 3, 1997, pp. 437–443.

[17] Chen, T. Y., “Design Sensitivity Analysis of Repeated Eigenvalues in
Structural Design,” AIAA Journal, Vol. 31, No. 12, 1993, pp. 2347–
2350.

[18] Vessel, K. N., Ram, Y. M., and Pang, S. S., “Sensitivity of Repeated
Eigenvalues to Perturbations,” AIAA Journal, Vol. 43, No. 3, 2005,
pp. 582–585.

[19] Anon.,MATLAB®: Using MATLAB, Version 7, The MATHWORKS,
Inc., 2004.

[20] Cullen, C. G.,Matrices and Linear Transformation, 2nd ed., Addison–
Wesley Series in Mathematics, Dover, New York, 1972, pp. 116–117.

A. Berman
Associate Editor

2004 LEE


